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Abstract—We implement several alternative approaches to
encoding quantum information in matrix representations and
leverage these representations to reconstruct the density and
process matrices describing the noisy dynamics of a defined
circuit using parameters (Pauli error rates) learned by machine
learning; this is a useful task for experimentalists looking to
characterize the noisy dynamics of their quantum information
processors. We find that using a new method of evolving the
quantum state by updating a graph Laplacian is in certain cases
more efficient than traditional left and right multiplication of
density matrices by unitaries and use this to reconstruct the final
quantum state corresponding to circuits with learned error rates.
We test the hypothesis that our machine learning techniques
can perform dimensionality and input reduction to solve for
more efficient approaches to learning the Pauli noise in a specific
circuit by creating a benchmark dataset with standard methods
(i.e. process tomography) and comparing the results from our new
neural network implementation against it. We find convergence
for the Pauli error rates, and our approach with process matrix
reconstruction in the training loop generalizes well, with a mean
loss dropping from the original 1.03 to 0.4.

Index Terms—quantum, deep learning, tomography, charac-
terization, graph laplacians, graph learning, quantum network
science, simulation, jax

I. INTRODUCTION

The tomography methods that exist for finding the quantum
state or process matrix [1] such as Standard Quantum Process
Tomography (SQPT) and Direct Characterization of Quantum
Dynamics (DCQD) scale exponentially in the system size (the
number of qubits). These methods are required if we are to
learn about the states that result from quantum computations
and the processes that evolved the systems to those states.
These complex states cannot be directly observed due to
the Heisenberg uncertainty principle. We explore a deep
learning approach to learning the structure of the process
matrix corresponding to a specific circuit involving many-body
interaction and Pauli noise. We test the hypothesis that the
model will be able to learn ways to reduce the required number
of measurement outcomes — DCQD requires 4™ measurement
outcomes and SQPT requires 16™ — and still predict the correct
Pauli error rates that correspond to a given circuit.

Quantum Machine Learning (QML) has been the focus of
many publications in the past ten years. A notable book on the
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subject is Dr. Wittek’s 2014 publication “Quantum machine
learning: what quantum computing means to data mining”
[2], which covers quantum versions of pattern recognition,
classification, regression and boosting algorithms. Since this
work, many diverse proposals have been made including
Amin’s Quantum Boltzmann Machine from 2016 [3]], Bai’s
Quantum Kernels of 2017 [4], Verdon’s Graph Neural Networks
published in 2019 [5]], and recently, models that are trained
with continuous measurements [6], to sample a few differing
approaches to quantum machine learning. In general, QML can
be divided (as is done in [7]]) into “quantum-inspired” models
which can have classical implementations, and ones that are
inherently quantum (the use of a quantum implementation
affords us an exponential or quadratic speedup, for example).
i.e. Grover’s search based quantum algorithms would have a
quadratic speedup over a classical implementation. We can
further divide QML approaches into those that deal with
quantum data versus classical data.

Quantum graph computing and graph learning is an area
that has seen the publication of its own swath of papers since
2015 [8]]. In terms of quantum graph computing, there are
Hamiltonian encoding-based solvers, quantum random walk
based solvers and quantum search based solvers. Hamiltonian
encoding-based solvers most notably include those that treat
the 2-local Ising Hamiltonian of D-Wave’s famous quantum
annealers as graphs of couplings with weights on the nodes
that correspond to local magnetic field strengths in the physical
annealers [8]].

One approach to quantum graph learning, quantum kernel-
based graph learning, aims to encode graphs into quantum
feature spaces [8]]. This has taken different experimental forms.
For example, Schuld et. al. proposed an encoding of the graph
into Hilbert space using Gaussian Boson Sampling [9]. A
Continuous Time Quantum Random Walk (CTQRW) can also
be used to construct a density matrix which can in turn be
used by a Quantum Jensen-Shannon Graph Kernel to infer the
properties of a graph [[10]. All these embodiments of quantum
kernel-based graph learning enable us to decompose a graph
into substructures and compare these to one another. In this
work we are however most interested not in the best ways to
represent graphs by quantum states, but how to represent states
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by graphs. Therefore, these kinds of uses of quantum computers
of various kinds to represent graphs are only tangentially related
to our topic.

Most immediately relevant to this work is the approach taken
in [11] to define the density matrix p;, of a graph Laplacian
L. Here S is the inverse temperature, a real number so named
in reference to its origin in thermodynamics. p would give the
Gibbs state of the system in equilibrium at the finite temperature
specified by f.

e PL

PL = Trle—PL]

This matrix is defined thus so that its eigenvalues sum
to unity. It is of the same form, for example, as the initial
thermal equilibrium state of nuclear spins in a nuclear magnetic
resonance quantum computing setup [[12, p.328] where 8 = ﬁ
and K is Boltzmann’s constant, 7" is the physical temperature
of the system.

Domenico and Biamonte also use density matrices to
describe complex networks in a similar fashion in [[13]] and
[14]]. In [[13] we learn of some benefits to relating a graph
representation with a density matrix. In particular, the authors
highlight information-theoretic tools for complex network
characterization. The graph can be said to have a von Neumann
entropy, for example.

N
S(p) = =Trlplogap] = — Z Ailoga\;
i=1

[14] agrees that this is a promising direction for the

development of an information theory of complex networks.

This is a part of a promising new area called “quantum network
science”.

In our work we propose to bring the utility of classical
machine learning to bear on the problem of modeling quantum
channels ans states, which is once again a bit different from
the perspective taken in the pre-existing literature.

Not directly related to machine or graph learning approaches,
previous work has been done in the characterization of Pauli
noise [15]], which is the type of noise we would like to
learn. The authors investigate whether approaches including
tomography and cycle benchmarking can enable a researcher
to learn about the Pauli noise in a quantum Pauli channel by
doing a number of experiments. We will aim to instead use
machine learning to characterize Pauli noise with a minimized
number of input parameters.

II. METHODS

Our methods attempt to address whether we can design a
neural network to learn an error model simplified to one and
two qubit Pauli errors on a specific circuit for the structure
provided in |1} This alternative method should simplify the

process tomography procedure for a specific circuit and can
act as a rapid benchmarking process.

We began by generating training and benchmarking datasets
using a provided process tomography software module within
Qiskit Experiments. We generated 100 samples for each pair of
qubit size and circuit depth, saving the resulting Choi matrix,
the pauli error rates and the measurement outcomes with each
sample. An example Choi matrix is shown below 2} with its
real and imaginary components shown separately.

The model that was implemented involved several compo-
nents. The first allowed us to learn Pauli errors via supervised
learning from expectation values acquired by process tomogra-
phy. This component begins with a pooling layer which allows
us to summarize the information contained in the expectations
(the inputs) resulting from the measurements involved in
process tomography in a learnable way. This allows us to
learn dimension reductions that allow our Pauli error prediction
to remain effective. Following this is a fully connected NN
with several hidden layers, and finally a normalized square
activation which results in three sets of probabilities which we
interpret as our Pauli error rates. We don’t consider convolution
as we don’t expect translation or rotation in our data. This
component of the model was trainable in isolation from the
second component of the model, which in some iterations was
graph-based and in others based on typical approaches to the
simulation of non-unitary quantum dynamics using density
matrices and Kraus channels.

The second component of our model takes the output
probabilities from the first component described above and
uses them to construct a representation of a channel. We
create a Kraus representation and a process matrix known
as the Choi matrix. This was implemented so that flags
could be provided to specify matrix operations be used on
a representation of the quantum information that was realized
by either the left and right multiplication of unitaries on
several unitarily evolving subsystems (density matrices), the
left multiplication of unitaries by unitaries to create a quantum
channel independent of state (a Kraus channel), or by the
evolution of Laplacians encoding the density matrix of the
quantum subsystems according to the equation pr, = ﬁ
(graph Laplacians).

The overall model had the depicted structure (Figure [/),
keeping in mind that training could be performed either with the
first component in isolation or with the quantum simulation in-
the-loop. When training the first part of our model in isolation
our training data consisted of the input: expectation values,
and the expected output: sets of Pauli error probabilities. When
training the entire model including the second component,
training data consisted of the same inputs: expectations, but the
expected outputs: Choi matrices, with a loss function based on
a Frobenius norm comparison of the expected and output Choi
matrix. In either case, we assess the quality of our learned error
model by comparison of the resulting channel characterization
with the actual Choi matrix learned from process tomography.
The difference lies in whether the matrix multiplication required
to construct a Choi matrix from the error model is in the loop or
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Fig. 1: Quantum Circuit. This is an example of the circuit that our model will be
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Fig. 2: Choi matrix. These are colour-map representations of
a Choi matrix of a 3 qubit circuit.

not. We found that the method with this matrix multiplication in-
the-loop had drawbacks including time and space inefficiencies
that were dependent on the system size, in comparison to
the first method. For example, a 2-qubit 2-layer circuit was
represented internally by a Kraus channel with 65536 operators
A;. Converting this to a Choi matrix was costly. We compared
the approaches using graph Laplacians, density matrices and
unitaries and found the approaches using graph Laplacians
and density matrices more suited to quantum state tomography
than process tomography for reasons we will expand on in
A summary for this is that they represent the
density matrix rather than the quantum channel.

Our pooling layer already implements a dimensionality
reduction for us, but we also make use of this to inform a
reduction of our inputs using LASSO as a final step. The model
essentially learns which inputs are relevant to the problem, and
removes the ones that are not. These removals reduce the input
size of the model allowing for users to apply this model on a
sub-set of the expectation values process tomography would
usually require.

A. Optimizations

A part of the goal of the study as originally proposed was
to investigate whether any advantages could be gained by the
representation of quantum information by graph Laplacians in
terms of efficiency.
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attempting to characterize.

Instead of unitary matrix multiplication, the equivalent
transformation of a Laplacian to represent a unitary evolution
of the represented quantum system involves the addition of
a matrix logarithm when the Laplacian and the operation
commute (this is the case about 23% of the time in our circuit),
according to the equation py, = % from which it follows
that

UprUt = Ue PLUT = ¢logm(U)=AL+109:(U") yp o normalization.

In the case that ||[U — I||2 < 1, the matrix logarithm can
be expanded as a power series which may be truncated. This
truncation may impact the efficiency of such a computation
favourably, while it may also impact the fidelity of the
representation of the quantum information. We therefore
support this approach to updating the Laplacian as an option in
our implementation, when the conditions are met. Caching is
also used since our circuit involves repeated layers of repeated
gates so that after a matrix logarithm is computed for a matrix
once, this computed value may be used again for similar gates
without requiring a re-computation.

The other ~ 77% of the time, we can work how the unitary
applies to the Laplacian by performing a truncated expansion
of the matrix exponential.

t
e Pl =_p Z %Lk
k=0

When we evaluate operations on our Laplacian in the cases
where the operators do not commute with the current state,
there is another trick which we may use. Specifically, it is true
that eBAB™" = BeAB~! for square matrices A and B with
invertible B. A unitary matrix is a matrix whose inverse is its
Hermitian adjoint. Therefore, for all of our unitary operators,
this holds, and we may simply multiply U LU ~! which has the
same complexity as multiplying Up U and does not require
us to evaluate the Taylor expansion of e~#L.

When converting between density matrix and Laplacian
representations, a matrix exponential is also involved, which
is also a power series. We similarly support the truncation of



this power series to a variable depth in our implementation.
An additional quantum approach can be used to optimize
this conversion, in theory. Namely, an Approximate Quantum
Fourier Transform (AQFT) may be used to calculate the terms
LF with exponential improvement in calls to L in certain cases
[16]. This coupled with an efficient approach to AQFT synthesis
[17] may reduce the cost of calculating a matrix exponential
significantly. In particular, a T-count of O(nlog(n)) is involved
in this AQFT synthesis. Even better, the same quantum circuit
in reverse can also be used to optimize the calculation of the
matrix logarithm in the case where we can update the Laplacian
by an addition of a matrix logarithm. While this will always
incur a greater cost than simply applying U to p, it can be
used to optimize a pre-compute step that brings us into the
Laplacian picture, after which some operations can be run
with increased efficiency over the naive approach to executing
UpU*t, as we will see.

B. Drawbacks and Limitations

The graph Laplacian is well suited to representing a Kraus
channel in the form

E(p) = AipA]

where A; are unitaries, since Zit encodes a density matrix and
may be updated in a way that is consistent with unitary evolu-
tion of the represented system. However, since it represents the
system state at a time ¢, py, it is difficult to extract the channel
operators themselves from this representation. Indeed, process
tomography itself is an approach to take quantum states and
reconstruct a process matrix from them. These operators A; are
most useful to us when we are addressing process tomography
since in process tomography we are interested in the quantum
process and not the state. Therefore, we implemented a more
relevant alternative approach which simply constructs a set of
unitaries from Pauli error probabilities that, when applied to a
density matrix, would evolve the state according to our circuit.

A future direction worth looking at would be the applicability
of a graph Laplacian-based approach to addressing state
tomography, but that was outside the scope of this work.

Another drawback of this graph Laplacian representation
is that in order to represent the channel F(p) we need i
graphs. In order to overcome the space complexity required,
we implemented a flag to specify that after each operation A;,
the sum ), A; pA;r may be evaluated, combining the graphs
into one. However, this only trades space complexity for the
time complexity required to compute this sum.

III. RESULTS
A. Pauli Error Rate Learning

We first benchmarked the performance of standard process
tomography on our circuit. This involved running a script
similar two what was used to generate our model training
and benchmark data. The following execution times are
representative of the times taken by the process tomography
procedure for circuits of each qubit number and depth. One can

see from this data [I] that the performance is most sensitive to
the number of qubits rather than the circuit depth. However, the
sensitivity to the number of layers increases with the number
of qubits.

Qubits  Layers  Samples  Performance (milliseconds)

2 2 144 2115.195

2 3 144 2003.156

2 4 144 2280.095

3 2 1728 30218.309
3 3 1728 31700.879
3 4 1728 31397.207
4 2 20736 537522.753
4 3 20736 584622.010
4 4 20736 634056.321

TABLE I: Tomography Performance
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Fig. 3: Tomography Scaling

We then attempted to learn the Pauli error rates from a set of
expectations using supervised learning of the first component
of the model in isolation, with an L2 loss function and the
expectations as our input and the Pauli error rates as our output.
The model quickly exhibited learning based on its loss history.
Example loss histories are provided in for a 2 qubit
and a 4 qubit circuits. Both experiments took approximately
45 minutes to train.

We had post training losses for example around 0.38 (with
200 training examples). The model was able to reduce the
input dimension from 4940 x 39ubits per training example
by five passes which each dropped one input from the 37ubits
rows in each training data sample, for a total of 81 X 5 rows
dropped in the case of a 4 qubit circuit. Unfortunately, the
model suffered from over fitting and did not generalize well
when tested against our test / benchmark dataset. We attempted
to rectify this by adding dropout layers to the model. This
was somewhat effective for reducing the overfitting, however
made training much less effective. However, we believe that
training on more data is necessary to truly overcome this
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Fig. 4: Loss history of probability output per epoch of training
without dropout layers.

and unfortunately, as we have shown, data generation is time
consuming with process tomography.

We were also able to train using the expected Choi matrix
as the output for our model. We used the Frobenius norm of
the expected and output Choi matrices as our loss function.
The Choi matrix is represented as

A=) @ E(i)]).

i,j=0
This is calculated based on the set of probabilities produced

by the first part of our model, The resulting training
results of training a dataset of 2 qubit 2 layer circuits with 600

data-points and 1 removal iterations is shown in
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Fig. 5: Loss history of output choi matrices per epoch.

This approach generalized much better with the mean loss
of the 100 training dropping from the original 1.03 to 0.4.
When solely training the probabilities the loss would remain
approximately the same for the training set before and after
training.

B. Density Matrix and Process Matrix Reconstruction

The second component of the model reconstructs quantum
state or process matrices using various methods. When com-
paring the graph Laplacian versus the density matrix and the
Kraus channel representations at first, the graph Laplacian did
not perform as well as the density matrix approach. This is
mainly due to the overhead in computing the update to the
Laplacian that would correspond to a unitary evolution of a
density matrix. For example, for the number of qubits and

number of layers below the different methods took the
following times to compute the final density matrix / graph
Laplacian corresponding to a circuit execution with provided
Pauli error rates. It is most reasonable to compare the graph
Laplacian method and the density matrix method since they
both compute state.

Method Qubits  Layers  Performance (milliseconds)
graph Laplacian 2 2 658.330
Density matrix 2 2 199.239
graph Laplacian 2 3 649.971
Density matrix 2 3 187.284
graph Laplacian 2 4 728.343
Density matrix 2 4 218.800
graph Laplacian 3 2 954.567
Density matrix 3 2 347.223
graph Laplacian 3 3 1149.943
Density matrix 3 3 455.754
graph Laplacian 3 4 1237.421
Density matrix 3 4 517.130

TABLE II: Performances of Kraus operator, density matrix and
graph Laplacian constructions

Note that a version of the graph Laplacian implementation
was used to generate the non-ab-initio data which does not allow
the use of cached matrix logarithms to be used again for similar
matrices, but only exact ones since the array comparisons
required to find similar matrices had a significant overhead,
and for example resulted in a time of 58558.636 ms for 2
qubits and 2 layers. Instead, an approach using an exact and
unique hash of the arrays was used for comparison in the final
implementation, speeding it up by over an order of magnitude.

The complexity of matrix multiplication for square n X n
matrices is O(n?) where addition is only O(n?) and in many
CPU architectures, each addition is more efficient in terms
of clock cycles than multiplication i.e. 3 versus 5 cycles on
a Sandy Bridge CPU. This is the basis for an argument that
graph Laplacian representations, with updates involving matrix
sums, can be more efficient at certain scales. However, this
advantage is overshadowed again in the data shown so far by
the need to compute Laplacian updates from unitaries. It was
conceivable that an approach that pre-computes these or uses
them ab initio would unlock an advantage. So, in order to
investigate the potential advantage of an “ab initio Laplacian
update” approach we pre-computed the matrices that would be
used in the Laplacian updates and executed the evolution again
without the overhead of computing these mid-execution, as
peers with the unitaries usually used. We compared a re-play
of the circuit execution using unitaries with a re-play using
these pre-computed matrix logarithms and the results showed
strongly that the Laplacian update was more efficient almost
across the board.

This suggests that linear algebra based simulations and
representations based from the start on the theory of quantum
network science can yield greater efficiency in applications
including but not limited to reconstructing quantum process
matrices and states. There is no reason why we should have
to compute these updates from “first-order” unitaries instead
of vice versa. We checked that the Laplacian update method



Method Qubits  Layers  Performance (milliseconds)
graph Laplacian 2 2 2.018
Density matrix 2 2 3.958
graph Laplacian 2 3 3421
Density matrix 2 3 2.907
graph Laplacian 2 4 2.054
Density matrix 2 4 7.291
graph Laplacian 3 2 2.892
Density matrix 3 2 3.015
graph Laplacian 3 3 3.750
Density matrix 3 3 4.464
graph Laplacian 3 4 4.220
Density matrix 3 4 6.626
graph Laplacian 4 2 2.488
Density matrix 4 2 4.923
graph Laplacian 4 3 6.973
Density matrix 4 3 9.254
graph Laplacian 4 4 7.999
Density matrix 4 4 9.017

TABLE III: Comparing the density matrix and graph Laplacian
constructions with matrix logarithms pre-computed

3-Qubit Ab Initio Comparison

——Laplacian —— Density Matrx

Fig. 6: 3-Qubit Ab-Initio Approach Comparison

is more efficient than the density matrix method up to n=4
truncation length on matrix sums and exponentials, with 2 and
4 qubit circuits.

IV. DISCUSSION

When directly comparing the actual Laplacian updates (the
sums not counting the computation of the matrix logarithms)
with their equivalent density matrix multiplications in isolation,
we found the following. For 2 qubits and 2 layers, we saw
that 70% of the time (for 32/46 gates), a Laplacian update
was more efficient by an average of 0.001765788 ms. In the
case of 2 qubits and 3 layers, the Laplacian update was more
efficient 60% of the time (27/46 gates) by an average of
0.003567448 ms, etc. showing that the reason for the Laplacian
approach’s increased efficiency is indeed the improved speed
of the individual operations. During a circuit execution, these
gates are each applied very many times. Whether this kind of
Laplacian update can be performed is of course something that

needs to be checked. We need to check if the matrices commute.

It is also notable that evaluating the sum (as was done in the
collection of the data presented in previous sections) is much

more efficient than not. In the later case, the model blows up
in size and we have to do many more matrix multiplications in
each step, for example yielding times of 859.937 and 833.930
ms for 2x2 density matrix and Laplacian evolutions respectively
as well as 14003.262 and 13732.297 ms for 2x3 evolutions
with the same approaches.

On the topic of the training of the neural network, we faced
several challenges. The first challenge we faced was the long
time it took to generate datasets due to the exponential scaling
of process tomography. This meant we were limited to a smaller
dataset than we would have liked and this led to overfitting in
our model. We tried to combat this by introducing a dropout
layer which was somewhat helpful. However, in the end we
resorted to generating more data which was of course only
so feasible given time constraints. An alternative direction to
explore in the future would be to change the way we generate
training data i.e. by replacing the full process tomography done
by Qiskit (this is needed when you cannot directly observe
a quantum state) with a method that takes advantage of the
fact that a simulated quantum state can be inspected. Process
tomography often includes a state tomography step which could
be bypassed.

During the course of this work we investigated whether
the updates we applied to our Laplacian were realizable via
spectral filtering of the form L; = Vhg(A)V7T where the
filtering function hy operates on the entries of the diagonal
A, with Ly = VAVT. This would resemble graph convolution
except that we would be learning the structure of the graph
rather than updating the node features by combining the nearest
neighbours. Indeed, in our work, we learned parameters that
governed how we updated the graph structure, not node features.
In our work therefore we do not employ graph convolution.
However, we concluded that a spectral filtering approach would
lose the advantage we demonstrated by re-introducing matrix
multiplication of hg with A. Of course, this could be mitigated
somewhat with the use of Chebyshev polynomials and graph
wavelets, but our approach to Laplacian updating can also
benefit from similar approximations (series truncation). Instead,
an interesting future direction would be to create a framework
for the type of learning we used, where the learned parameters
are in a matrix Aypdete Summed with —BL in the form L, =
2hypdate — BLo. It would be interesting to further explore what
graph properties are preserved by this kind of update.

V. CONCLUSION

We conclude that the deep learning techniques we employed
such as pooling and LASSO based dimensionality reduction
allowed us to learn Pauli errors for a specific circuit involving
Pauli noise and many-body interaction using less parameters
than is required by standard characterization techniques. This
was done with a loss decreasing from an original 1.03 to
0.4 and dropping as many as 81 x 5 rows. In addition, we
found evidence that an alternative graph-based representation
of quantum information based on the graph Laplacian can be
used to more quickly reconstruct quantum state in-the-loop
during training, when a pre-computation step precedes this.



VI. PROOFS

Proof that for commuting U and L we have Up Ut =
Ue PLUT = ¢logm(U)=BL+l0gm(U") yp to normalization. with
L absorbing —3 and U = U which is true in our case.
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Another proof that is leveraged in our code when evaluating
updates in the non-commuting cases is the following. We
prove that eVLU"" = Uel U~ for square matrices L, U and
invertible U. This is valid for our case because a unitary matrix

is a matrix whose inverse is its Hermitian adjoint, so U-1=
Ut.
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